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A FAMILY OF CHARACTERISTIC CONNECTIONS

HwaJEONG KIM*

ABSTRACT. The characteristic connection is a good substitute for
Levi-Civita connection in studying non-integrable geometries. In
this paper we consider the homogeneous space U(3)/(U(1) x U(1) x
U(1)) with a one-parameter family of Hermitian structures. We
prove that the one-parameter family of Hermtian structures admit
a characteristic connection. We also compute the torsion of the
characteristic connecitons.

1. Introduction

The non-integrable geometries are studied by many mathematicians
([5], 6], [9]) and a very important tool in studying non-integrable geome-
tries is the characteristic connection ([7]). The characteristic connection
is a metric connection with a skew symmetric torsion which preserves
a given G-structure. So, the characteristic connection is a good substi-
tute for the Levi-Civita connection on a manifold with a non-integrable
geometry where the holonomy group with respect to the Levi-Civita
connection is the whole group SO(n) and the geometric structure is not
preserved by the Levi-Civita connection.

Recently, many geometric properties with respect to the characteris-
tic connection are discussed. Eigenvalues of the generalised Dirac oper-
ators, Dirac operators with respect to the characteristic connection, and
other geometric properties concerning the eigenvalue estimates are inves-
tigated ([3], [4], [10], [11]). In discussing the above geometric properties,
examples of manifolds with geometric structures admitting a character-
istic connection are needed. But not every geometric structure admits
a characteristic connection.
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In [4], [12] , an example of 6-dimensional homogeneous manifold with
a characteristic connection is given, which is in fact a nearly kdhler man-
ifold. Furthermore, this manifold admits a split holonomy, a geometric
structure concerning the condition of the torsion and the holonomy. We
then use the generalized Dirac eigenvalue estimate for the split holonomy
(14)).

In this paper we prove that the homogeneous space U(3)/(U(1) x
U(1l) x U(1)) admits a one-parameter family of Hermitian structures
with characteristic connection and compute the characteristic connec-
tions concretely.

It is well known that the difference of the characteristic connection,
denoted by V", from the Levi-Civita connection, denoted by V9, is the
torsion of the characteristic connection ([8]):

1
VLY = VLY + ST(XY).

So, it suffices to compute the Torsion T for the characteristic connection
Ve, For the torsion T' we use the following formula which is available
for 6-dimensional almost hermitian manifolds (Theorem 4.2 [2]).

(1.1) T(X,Y,—) = N(X,Y) +dQ(JX,JY, J-).

In Section 2, we we prove that the homogeneous space U(3)/(U(1) x
U(1l) x U(1)) admits a one-parameter family of Hermitian structures
with characteristic connection.

In section 3, we compute the characteristic connections V" of (M, g4, J).

2. Characteristic connections

We begin with a well-known metric family for a homogeneous reduc-
tive space. We refer to [1] and [12] for more informations.

Let G:=U(3) and H :=U(1) x U(1) x U(1) C G diagonally embed-
ded. Then M := G/H is a 6-dimensional manifold with

g=u(3)={A€ M3(C): A+A" =0}, h={Acu(3): A is diagonal}.
We define an Ad (G)-invariant inner product 3 := —%Re(trAB), A, B e
u(3) and decompose m = h* into

0 b

0
mp = — 0| :a,beC), mg:= 0
0 0

SRl
o o Q
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Then an Ad (H)-invariant inner product on m defined by
/615 = ﬁ|m1 Xmy + 2tﬁ|m2><m2

induces a left invariant metric g; on G/H or each ¢t > 0.

Let Dy = (dij) be the n x n matrix with zero entries except that
its (k,l)-entry is 1. Furthermore, let Ey; := Dy — Dy for k # [ and
Sk = i(Dkl + le). Then

1 1
—=Fb3, e := —=35
Jot 23, €6 Jot 23}
is an orthonormal basis of m with respect to G;. As basis for h we take
Hy = Spn/2,k =1,2,3.

We now recall the Nijeunhuis tensor

NX,)Y)=[JX,JY]-JX,JY]| - JJX,Y] - [X,Y]
where J? = —Id in an almost complex structure. Then it holds
N(X,Y) = N(Y, X),
N(X,JY)=—-JN(X,Y)=N(JX,Y).

The Nijenhuis tensor N as (2, 1)-tensor field is already skew-symmetric
from the definition, so the N-tensor as (3,0)-tensor is totally skew-
symmetric if

N(X,Y,Z)=-N(X,Z)Y), for X,Y,Z € TM*".
We now consider a 2-form 2 and J on G/H as follows:
(2.2) QX,Y):=e1n+ess—es6 = (JX,Y) with J? = —Id,
where e;; = ¢; N e;.
Then by computation,
J(e1) = ez, J(e2) = —e1, J(e3) = eq,
J(es) = —es, J(es) = —eq, J(e6) = €5.
THEOREM 2.1. On M = U(3)/(U(1) x U(1) x U(1)) we consider a

metric family g; and an almost complex structure J as above. Then the
characteristic connection exists for all t > 0.

{e1 := E12, €3 := Si2, €3 := E3, e4 := S13, €5 :=

(2.1)

(2.3)

Proof. Tt is well known that a 6-dimensional almost Hermitian man-
ifold (M5, g, J) admits a characteristic connection if and only if its Ni-
jenhuis tensor N is totally skew-symmetric ([2] Theorem 4.2). We will
actually show that in our case the tensor N = 0.

For X € TM?", (2.1) implies

N(X,JX)=—JN(X,X)=0,
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so by (2.3) we have
N(ei,ea) = N(es,eq) = N(es,e6) = 0.
Now we compute
N(ei,e3) = [Jey, Jes] — Jle1, Jes] — J[Jey,es] — [e1, €3]

[62, 64] — J[el, 64] — J[eg, 63] — [61, 63]

—@65 — J(—\/2>t66) - J(\/2>7f€6) + @%

- 0,
N(61,65) = [Jel, J65] — J[el, J65] — J[J€1,65] — [61,65]
= —lea,e6] + Jle1, eq] — J[ea, e5] — [e1, es]
Covaet TN TR Y Ve
— 07
Nes,e5) = [Jes,Jes] — Jles, Jes] — J[Jes, e5] — [e3, e5]
= —les,e6] + J[€37€6] J[€4,€5] [63,65]
1
= e1 +J(—=e2) + J(—=e2) +
V2t \F \F \F
= 0.
Here we use the following relations:
[ea, e4] = [e1,e3] = —V/2tes and [e1, eq] = —[e2, e3] = —V/2teg,
1 1
le1, e5) = —[e2, 6] = ﬁ&‘s and [e,eq] = [e2, e5] = ﬁ%,
1 1
eq,e6] = |es,e5] = ——=e; and — |es, eg] = |eq, €5] = ——=eo.
le4, e6] = [e3, €5) NoThe les, e6] = [e4, €5) NoTh

By (2.1), (2.3) we obtain
N(ep,e3) = —JN(61,64) N(eg,eq4) =
(61,65) (61,66) = —N(eg, ) JN( 65) = 0,
N(eg, 65) == JN(€3, 66) == N(64, 66) == *JN( 4, 5) = 0.

Therefore, we have

0,
N(ej,eq) = N(ez,e5) =0,
N(es,es) = N(es,e5) =0

So, we actually have N =0 and N is totally skew-symmetric.
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3. The torsion of the characteristic connection

For the further computations we recall the following (X.2 [13]):

e The map A, which implies the Levi-Civita connection, is uniquely
characterized by (X.2 [13]),

(3.1) A(X)Y = A(V)X = [X,V]w,
(3-2) Bi(M(X)Y, Z) + Bi(Y, A(X)Z) = 0.

e For the metric g, ¢t > 0, the map A; : m — so(m) is defined by

M(X)Y = S[X Y], A(X)B=1[X,B]
(3.3) MAY = (1-)[AY],  A(A)B=0,

for X,Y € my, A, B € my. By direct computaions we can check
that the map A+(X) definded as (3.3) satisfies the conditions (3.1)
and (3.2).

Let (M, g) be a manifold with a characteristic connection. We denote
the Levi-Civita connection and the characteristic connection by V9 and
Ve, respectively. Then, it is well known that for X, Y € TM (see [8])

1
VLY = VY + ST(X.Y)

for some (2, 1)-tensor T" which is known to be the torsion of the char-
acteristic connection. So, it suffices to compute the above torsion T for
the characteristic connection V*.

Furthermore, in a 6—dimensional almost Hermitian manifold (M, g, J),
the torsion for V¢ satisfies (Theorem 4.2 [2])

(3.4) T(X,Y,—) = N(X,Y) +dQ(JX, JY, J-).

Here the (2,1)-tensors T, € are considered as (3,0)-tensors. That is, for
T we define T(X,Y, Z) = g(T(X,Y), Z), similarly for N.

For g; as above we now compute the Levi-Civita connection V9 using
(3.3). The map Ay, (see (3.3)) is simply denoted by A; and we consider
E;; with respect to the orthonormal basis e; of m. So, E;; actually maps
e; to —ej. We recall the following lemma ([1], [12]).
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LEMMA 3.1. We identify m with R® and take E;; defined above as

basis of so(m). Then
Ai(er) = Vt/2(Ess + Esg), Mi(e2) = V/t/2(Ess — Ezg),
Ai(e3) = \/7(E26 — E15), Mi(ea) = —/t/2(Er6 + Ens),
Aules) = \/7 LBy + Ear), A(es) = gm ~ En).

Proof. We compute A(er). By (3.3) Ai(er)e; = 3ler, €]ye for i =
1,---,4 and Ay(e1)e; = tler, e;] for j =5,6. Hence,

Ai(er)er =0

Ai(er)es = %[el,eg]mz =0,
Auler)es = glen,eslue = —v/F/2e5,
Ai(er)es = %[61,64]1“2 = —/t/2es,

Ai(er)es = tler, es] = \/t/2e3,
Ai(er)eg = tler, eq] = \/t/2e4.
We consider E;; which maps e; of m and e; to e;. Then we have
A(el) = \/t/Q(ESS + E46).

We obtain the other results by similar computations. O

THEOREM 3.1. The manifold (M,g, J),t > 0 as above admits a
characteristic connection

1
VY = VY + STV, ),
with T = (\/2>— Vit/2+ %)(6145 —€935) — \/ﬂ(elgs + e246), where Eijk
means e; A ej A ey, and V' := V9.

Proof. By (3.4), we need to compute d2 and N in (M, g, J).
i) First d) is given by

dQ = Z ei AVIQ,

so we compute VZ.Q, Q = ejo +e34 —es6, i =1,--- ,6. It is well known
that the three 2-forms w =ejs, e34, €56 are invariant under the isotropy
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representation. It is well known that([12])

(3.5) V9w = Ay(e;)w = Z(ej JA(e) A (ej Jw).

J

Note that E;; maps e; to —e;, so E;; can be identified with the two form
_ez‘j-

From Lemma 3.1 A¢(e1) = /t/2(E35+Fy6) identified with —y/t/2(es5+
es6), so €j 1 A¢(er) =0 for j = 1,2 and (3.5) implies

t t
velelz = V62€12 =0.

Similarly

V£3634 = VZ4634 =0
and

V’;5656 = Véﬁe% =0.
Now

Vi ey = Z(ej JA(er)) A (ej Jesq)
= —\/75/722(6] | (635 + 646)) A (6]' - 634)
= —M((eg 1 (ess + ea6)) A (e3 J esa)

+ (a1 (e35 + e5)) A (ea 634))

= —\/t/2(es5 N ey —eg A e3)
= M(€45 - 636)

and

V21€56 = Z(ej JA(e1)) A (6j Jes6)
J
= —\/t/2) (ej I (ess + eas)) A (e esp)
J
— —\/7%<(65 1 (e35 + €46)) A (e5 - €56)

+(e6 J (es5 + eas)) A (e6 656))

= —\/t/2(—63 Neg+eq N 65)
= Vt/2(e36 — eus).
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Similarly,

V22634 = —MZ(ej ]
J

Viess =—V1/2) (e
J

Végew = *\/I%Z(ejj
J

V23656 = —\/15/722(@]- a(
J

v24612 = \/t/2 Z(ej o (616 + 625)) N (ej o 612) =
J

656

Vé5€12 = —\/15/722(@]- ]
J

t
v65 634 -

t
v66612 —

t
Ves€3

Note that

Hwajeong Kim

\/72 6] 616 + 625)) A (e] ] 656) —

—— Z (ej J(e13 +e2)) A(ej Jess) =
1-¢

7 e (e = em)) A e den) =
1-¢

~ Z(ej J(e1a —e23)) A(ejtess) = —

t t t .
Vel €34 + Vele56 = v62634 + v€2€56

(€45 —e36)) A (€5 Jesq) = —

(ea5 — e36)) A (e Jesq) =

(ea6 — €15)) A (&5 Jea) =

ez —e15)) A (ej Jesg) = —

(e13+e€21)) A (ej dern) =

t/2(eq6 + e€35).
Vt/2(eas + e35).
—V/t/2(e16 + e25).
t/2(e16 + eas).
t/2(e15 — €26)-
t/2(e15 — e26)-

t/2(eas — e14).

1-1¢

T (€14 — €23).

1-t¢

—(e13 + e24).
\/27(13 24)

€13 + €24).
\/%(13 24)

:O’

t ot ¢ ot
ve3€12 = Ve3€567 Ve4€12 — Ve4e56-
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So, we have
aQ = Y e AVLQ

= Z ei AV (e12 + €34 — esp)

i
= e N V£1634 —e1 A V£1€56 + e A Vi2eg4 —eg A V22e56
+e3 A Véselg —e3 A v23656 +eq4 A Vé4612 —e4 A Vte4e56
+e5 A Véselg +e5 A V25€34 + eg A V26€12 + eg A V';6634
= 2(e1 A V21€34 +e5 A V22634)
+e5 A V25612 +e5 A V25634 + eg A V26612 + eg A Vt66634

= 2(\/t/2e1 A (ea5 — e36) — \V/t/2e2 A (ess + €35))
1—1¢
+\/t/265 A (623 — 614) + ——es A (614 — 623)

V2t
Ll g A (ers + eas) — e A (ex3 + ea)
—€ e e — —€ e e
N 18+ €21) =~ 13 + €24
= V2t(ewss — €136 — €246 — €a35) + /1/2(e235 — e145)
1-—t¢

+ NoT (e145 — €235)

1—t
= (V2t — \/t/2 + —=)(e1s5 — eas5) — V2t(e136 + €246)

V2t
And from (2.3)

1—1¢

dQ(J) = (\/2>t — \/25/2 + ﬁ)(6236 — 6146) + \/275(6’245 + 6135).
In the proof of Theorem 2.1 we see that N = 0 which means
1—1t

T = N—l— dQ(J) = (\/2>— \/t/Q + ﬁ)(elzﬁ — 6235) — @(6136 + 6246).

O]
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